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Abstract—Polarization division multiplexed (PDM) quadra-
ture phase-shift keying (QPSK) coherent optical systems employ
blind adaptive linear electronic equalizers for polarization-mode
dispersion (PMD) compensation. In this paper, we compute the
performance of various adaptive, fractionally spaced, feed-for-
ward electronic equalizers, using the outage probability as a
criterion. A parallel programming implementation of the multi-
canonical Monte Carlo method is developed, which automatically
performs concurrent loop computation on multicore processors,
for the estimation of the tails of the outage probability distribution.
The constant modulus algorithm (CMA), the decision-directed
least mean squares (DD-LMS), and their combination are applied
for the adaptation of electronic equalizer filter coefficients. In the
exclusive presence of PMD, we demonstrate that half-symbol-pe-
riod-spaced CMA-based adaptive electronic equalizers perform
slightly better than their DD-LMS counterparts, at links with
strong PMD, whereas the opposite holds true at the weak PMD
regime. It is shown that the successive application of CMA and
DD-LMS with 20 complex, half-symbol-period-spaced taps per
finite impulse response filter is adequate to reduce the outage
probability of coherent PDM QPSK systems to less than ��

�,
for a mean differential group delay of more than twice the symbol
period.

Index Terms—Multicanonical Monte Carlo (MMC), optical
communications, outage probability, parallel programming, po-
larization-mode dispersion (PMD).

I. INTRODUCTION

P OLARIZATION DIVISION MULTIPLEXED (PDM)
quadrature phase-shift keying (QPSK) coherent op-

tical communications systems use digital signal processing
(DSP) to counteract transmission impairments. Among the
most important DSP functionalities in coherent receivers
are polarization demultiplexing and equalization. Adaptive,
blind, multiple-input multiple-output (MIMO) linear electronic
equalizers are used, in order to counteract rapid polarization
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rotations, perform polarization demultiplexing, and combat
polarization-mode dispersion (PMD) and polarization-depen-
dent loss (PDL) [1]–[4]. However, due to the limited length
of their finite impulse response (FIR) filters [1], as well as to
singularities in their coefficient adaptation algorithms [4]–[6],
these equalizers cannot fully eliminate outages, even after
equalization. Therefore, there is always a nonnegligible, albeit
small, outage probability, even after equalization.

The impact of PMD on the outage probability of intensity
modulation/direct detection optical communication systems has
been thoroughly studied [7]–[22]. In contrast, there is a limited
number of similar theoretical studies for coherent optical sys-
tems [23]–[29]. Recent publications use rudimentary PMD em-
ulators (PMDEs) consisting of one or two birefringent sections
[9], [10], [28], [29] in order to demonstrate an almost unlimited
first-order (and, to some extent, second-order) PMD compensa-
tion [1], [9], [10] provided that the electronic equalizers have a
sufficient number of taps per FIR filter [27]. However, from a
system design point of view, it is important to accurately com-
pute the performance of coherent PDM QPSK systems in the
presence of higher order PMD and to provide guidelines for the
design of adaptive PMD equalizers.

This paper presents an in-depth simulation study of the
performance of linear electronic PMD equalizers in coherent
PDM QPSK optical communications systems. Several equal-
izer coefficient adaptation algorithms are compared using the
outage probability as a performance criterion. The latter is
very difficult to evaluate, since outages in a system employing
equalization occur very rarely. Even experimental measure-
ments may prove inadequate to assess system performance
[2]–[4]. Resorting to conventional Monte Carlo (MC) simula-
tions to estimate the probability of such rare PMD outages is
impractical, as it requires a prohibitively large number of iter-
ations. Alternatively, it is possible to use importance sampling
methods [16], [17], such as the multicanonical Monte Carlo
(MMC) method [30]–[37], in order to reduce the simulation
time required to estimate the statistics of these rare events.
Furthermore, in this paper, we use a parallel implementation of
the MMC method, similar to [37], for the efficient evaluation of
the outage probability of a coherent PDM QPSK system after
PMD equalization.

We compare the performance of three popular adaptive,
PMD electronic equalizers, namely, the constant modulus al-
gorithm (CMA) [38], the decision-directed least mean squares
(DD-LMS) algorithm [25], and their combination [4].

We show that, in the exclusive presence of PMD, both
CMA- and DD-LMS-based PMD equalizers, with as few as

-spaced taps per FIR filter (where is the symbol
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Fig. 1. System block diagram (Abbreviations: CW: continuous wave, PRBS: pseudorandom bit sequence, QM: quadrature modulator, PBS: polarization beam
splitter, PBC: polarization beam combiner, PMDE: PMD emulator, � : number of sections, OA: optical amplifier, BPF: bandpass filter, LO: local oscillator,
LPF: lowpass filter, � : symbol period, �: FIR filter taps, IF: intermediate frequency, Symbol � : downsampling to one sample/symbol).

period) can reduce the outage probability to less than 10 , for
a mean differential group delay (DGD) equal to one symbol
period. However, CMA equalizers perform slightly better than
the DD-LMS equalizers at links with larger DGD values,
whereas the opposite holds true at the weak PMD regime. This
is the reason behind the enhanced performance obtained when
DD-LMS equalization is used after a first round of CMA-based
equalization, compared to the case where either algorithm is
used alone [4]. For instance, for strong PMD, e.g., when the
mean DGD is equal to twice the symbol period, the successive
application of CMA- and LMS-based equalization is benefi-
cial because the former reduces the PMD enough so that the
latter can perform more efficiently. This way, the transmission
distance can be significantly improved.

It is worth noting that the presence of even a small interme-
diate frequency (IF) offset significantly affects the performance
of the DD-LMS in the weak PMD regime. This indicates that
CMA and its variants are most suitable adaptation algorithms
for practical coherent PDM QPSK systems, where IF offset is
nonnegligible.

The rest of the paper is organized as follows. In Section II,
the simulation model of a coherent PDM QPSK system and the
MMC method are presented. In Section III, we focus on quan-
tifying the performance of the aforementioned linear adaptive
electronic equalizers with respect to the outage probability of
coherent PDM QPSK systems. This comparison is performed
for a different number of equalizer coefficients and various
system margins with and without IF offset. Some concluding
remarks are given in Section IV.

II. THEORETICAL MODEL

A. Simulation Setup

The block diagram of the coherent PDM QPSK system
under study is shown in Fig. 1. At the transmitter, two inde-

pendently modulated orthogonal polarization tributaries with
nonreturn-to-zero QPSK pulses are generated. The symbol rate
is denoted by . In our simulations, pseudorandom
quaternary de Bruijn symbol sequences of length are
used, in order to take into account the intersymbol interference
caused by all possible combinations of symbols.

The PMDE used in our simulations is comprised of a concate-
nation of birefringent waveplates. Each birefringent wave-
plate is characterized by three random variables, namely

where are the azimuth and ellipticity of
the slow principal axis and is the DGD.

The transfer matrix of each birefringent waveplate is the
product of two terms: 1) a 2 2 unitary Jones matrix , rep-
resenting a rotation of the input state of polarization by a po-
larization controller [39]; and 2) a diagonal 2 2 Jones matrix

[40], representing the birefringence of each fiber section
[40]. Each transfer matrix is written as

(1)

where is the angular frequency deviation from the signal op-
tical carrier frequency. In (1), the matrices and are ex-
pressed as (2) and (3) shown at the bottom of the page [39].

In this paper, we exclusively focus on PMD. Therefore, PDL,
chromatic dispersion, fiber nonlinearities, and laser’s phase
noise are neglected, in order to keep the simulation model as
computationally efficient as possible.

On the receiver side, a coherent, homodyne, polarization- and
phase-diversity optical front end is used, consisting of ideal
2 4 90 optical hybrids and balanced detectors, followed by
fourth-order Bessel low-pass filters with 0.8 3-dB band-
width. The photocurrents are filtered and sampled at twice the
symbol rate.

PMD compensation and polarization demultiplexing are
performed using three types of adaptive MIMO electronic

(2)

(3)
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equalizers [4]. They are all composed of four parallel FIR
filters of various lengths, connected in a butterfly structure,
whose impulse responses are denoted in Fig. 1 by .
We focus on fractionally spaced equalizers because they exhibit
better performance than their symbol-spaced counterparts,
due to their increased bandwidth and their timing-offset tol-
erance [41]. The DD-LMS algorithm [1], [25] is often used
for the adaptive update of the equalizer’s coefficients, due to
its simplicity, good performance, and fast convergence. It is
accompanied by a symbol-by-symbol phase tracking module
[25]. A common alternative to the DD-LMS adaptation al-
gorithm is the CMA. It is widely used for combined blind
adaptive feed-forward polarization demultiplexing [5], [6] and
PMD/PDL equalization [1], [4], [6], [21], [29]. The popularity
of these CMA-based modules is due to their low computa-
tional complexity and their robustness in the presence of IF
offsets and laser phase noise. The second feature allows for
decoupling between polarization demultiplexing and carrier
frequency/phase recovery, so the latter two impairments can
be addressed by separate DSP modules [5]. Feed-forward
frequency and phase-error estimators are used [5] to remove
any small residual constellation rotations.

The PMD-induced OSNR penalty is used to determine
whether an outage occurs or not. The OSNR penalty is defined
as the difference in OSNR, expressed in decibels, between the
back-to-back case and after transmission, required to achieve
an error probability of . The error probability is estimated
using a semianalytical method [42]. The outage probability is
defined as the probability that the OSNR penalty exceeds a
specified threshold (system margin). We arbitrarily choose an
outage probability of as our design criterion [43], [44],
which translates into a fractional outage time of 5.4 min per
year.

B. MMC Method

The main idea of all importance sampling methods [16], [17],
is to artificially generate events in the desired areas of the prob-
ability density function (pdf) of a random variable. Actually, in
MMC simulations, the objective is to accurately evaluate the
tails of the pdf of an unknown output random variable through
an intentional biasing of the statistics of the input random vari-
ables. To optimize the number of samples falling in the target
pdf tails, the generation of input samples is recursively biased.

For instance, assume that we want to evaluate the statistics of
an output random variable , whose pdf is unknown. Assume
that is linked through a function to an array of

input random variables , whose joint pdf
is known. During the th iteration of the MMC algorithm, a set
of input random arrays is generated, based
on the Metropolis–Hastings algorithm [46]. The corresponding
values of the output random variable are obtained
and their histogram, over a prespecified number of bins, is con-
structed. At the end of th iteration, the probability of
falling into the th bin is calculated [30]. In subsequent itera-
tions, the information of the estimated probability is used
to bias the input joint pdf , in order to produce further oc-
currences of on the tails of the desired output pdf . Con-
sequently, one obtains a more accurate estimation of the tails of
the output pdf after a fairly small number of iterations.

Fig. 2. Representative constellation diagrams of the two polarization tribu-
taries, in the presence of PMD, before and after compensation. Symbols: un-
compensated case (dark gray dots) and after a CMA equalizer with five taps
(black dots), ten taps (light gray dots), and 15 taps (blue dots), for an instanta-
neous DGD equal to ���� .

Fig. 3. Constellation diagrams of the x-polarization tributary for a normal-
ized instantaneous DGD (a) of ����� (weak PMD regime) and (b) of �����
(strong PMD regime). Symbols: uncompensated case, i.e., one-tap, constrained
CMA-based polarization demultiplexer (dark gray dots), equalizers with ten
� ��-spaced taps: DD-LMS (light gray dots); CMA (black dots); CMA/LMS
(blue dots).

For the problem under study, the PMDE is modeled as a con-
catenation of birefringent sections. In [45] and [46], it
was shown that the instantaneous DGD of a PMDE composed
of, at least, 15 birefringent sections follows a Maxwellian pdf
with sufficient accuracy, if the DGD of each section is controlled
to follow a Gaussian distribution and the principal states of po-
larization are uniformly distributed on the Poincaré sphere [45],
[46]. During each of the ten MMC iterations, fiber
realizations of the PMDE are generated and the histogram of
the OSNR penalty’s target pdf is constructed with 100 bins. In
each MMC case study, the input random variables are the PMD
parameters of each birefringent fiber section, i.e., the triplets

mentioned in Section II-A. At each step of
the Markov chain [47], candidate samples of the angular vari-
ables are generated using the recursion

where are the current sam-
ples and are random increments following a uniform
pdf where denotes
the uniform distribution in the range . The perturbation
coefficient has a different value for each one of the an-
gular variables . The perturbation coefficients
are set by trial and error. A useful criterion for their selection
is the acceptance ratio, defined as the fraction of the accepted
candidate Metropolis steps to the total number of Metropolis
steps. As a rule of thumb, were selected in such a way
that the acceptance ratio is about 20–50% [16], [17], [35]. For
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Fig. 4. Outage probability as a function of the normalized mean DGD. (a) CMA-based equalizer. (b) DD-LMS-based equalizer. (c) CMA/LMS-based equalizer.
In (a), the dash-dotted line with the diamonds represents the case when a first-order PMDE and a 15-tap CMA equalizer are used. (Symbols: dotted line: one-tap
polarization demultiplexer; triangles: analytical prediction using Antonelli’s model [48] modified for uncompensated coherent PDM QPSK systems; crosses: five
taps; filled circles: ten taps; open circles: 15 taps; diamonds: 15 taps and first-order PMDE; squares: 20 taps; dash-dotted line: 1-dB margin; dashed line: 2-dB
margin; solid line: 3-dB margin).

the azimuth, the constant A is equal to and for the ellip-
ticity is equal to , respectively. The statistics of
lead the corresponding PMD vectors to be uniformly distributed
over the Poincaré sphere [45], [46], [48]. The DGDs of
the individual fiber sections are assumed independent, identi-
cally distributed Gaussian random variables and the creation of
a small perturbation is based on the Gaussian pdf

, where denotes the normal distribution
with mean value and standard deviation

, where is the mean total DGD of the PMD
emulation model, with angled brackets denoting ensemble av-
erage [7]. These assumptions lead to a Maxwellian pdf for the
total instantaneous DGD [45], [46], [48].

The structure of the MMC algorithm lends itself to parallel
implementation [37]. Parallelization, here, is performed at two
levels: 1) different runs corresponding to different mean total
DGD values are launched on different computers (embarrass-
ingly parallel application); 2) within a single run, concurrent
execution of commands within “for loops” is achieved by using
different cores on a multicore computer. The purpose is to per-
form multiple simulation runs of the same model for different
input settings. The execution environment is an interactive par-
allel one in which the parallel implemented code is executed.
In this environment, parallel for loops and distributed arrays
automatically detect the presence of cores and distribute com-
putations between the cores. Using concurrent loop execution,
we managed to accelerate the execution time for each separate
MMC simulation up to three times by using four cores of a Quad
Intel processor.

III. RESULTS AND DISCUSSION

A qualitative comparison of the performance of adaptive
electronic CMA-based equalizers with respect to the uncom-
pensated case, with various numbers of taps, is shown in
Fig. 2. Here, the term “uncompensated” means a coherent
optical system with a one symbol-spaced tap, constrained
CMA electronic demultiplexer [5]. Fig. 2 shows representative
constellation diagrams obtained during the last MMC iteration
for the uncompensated case (dark gray dots), as well as for
CMA-based equalizers using FIR filters with five taps (black
dots), ten taps (light gray dots), and 15 taps (blue dots) each. In
this particular case, the instantaneous DGD is equal to 2.8 .
As expected, when the number of FIR filter taps increases,
the constellation diagrams of both polarization tributaries are
gradually improved.

A qualitative performance comparison among ten-tap
-spaced CMA-based equalizers, DD-LMS-based equal-

izers, and their combination is shown in Fig. 3(a) and (b) for
two values of instantaneous DGD. Constellation diagrams for
the uncompensated case (dark gray points) and after the afore-
mentioned equalizers (various colors) are shown. These results
illustrate our claim that CMA equalizers (black dots) perform
better than their DD-LMS counterparts (light gray dots) in the
strong PMD regime, contrary to the weak PMD regime, where
DD-LMS equalizers are superior. We observe that the succes-
sive application of CMA- and DD-LMS-based equalization
(blue dots) always offers better performance compared to either
stand-alone equalizers, under the same PMD conditions.
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Fig. 5. Constellation diagrams of the two polarization tributaries after equal-
ization using an all-order (blue dots) and a first-order PMDE (yellow dots) with
the same instantaneous first-order PMD vector. Conditions: 15-tap CMA equal-
izer for an instantaneous DGD of ����

Subsequently, the outage probability after equalization is
evaluated, as a function of the normalized mean DGD, for
various system margins, in the absence of IF offset. Numerical
results are shown in Fig. 4(a) for CMA-based equalizers, in
Fig. 4(b) for DD-LMS-based equalizers, and in Fig. 4(c) for
their combination. We observe that all aforementioned equalizer
types significantly reduce the impact of PMD. For instance, the
CMA equalizer considerably increases the maximum tolerable
mean DGD to , when five taps per FIR filter are used, and
to , when 20 taps per FIR filter are used, assuming a 1-dB
system margin, at an outage probability of . Furthermore,
in Fig. 4(a), we observe that, if we change the system margin
from 1 to 3 dB, the acceptable mean DGD increases by about
25%, independent of the number of taps, assuming an outage
probability of . For instance, the 20-tap CMA equalizer
can increase the tolerable mean DGD values to , for a
3-dB threshold.

It is worth noting that the performance evaluation of various
equalizers using first-order PMDEs [1] is optimistic. The reason
for this is that higher order PMD significantly affects equalizer
performance.

Figs. 4(a) and 5 illustrate the earlier claim. According to
Fig. 4(a), if only first-order PMD is emulated, a CMA equalizer
with 15 taps per FIR filter can tolerate a mean DGD up to

[see dash-dotted curve with diamonds in Fig. 4(a)]. In
contrast, the same equalizer can tolerate a mean DGD of only

, when higher order PMD is also taken into account.
A qualitative explanation for this discrepancy is provided by
Fig. 5. In Fig. 5, we show indicative constellation diagrams after
PMD equalization using a 15-tap CMA-based equalizer, for an
instantaneous DGD equal to 1.5 at an outage probability
of , for 1-dB margin. Yellow points are obtained using
a first-order PMDE and blue points using an all-order PMDE
with the same first-order PMD vector as the initial one. It is
quite obvious that results obtained using a first-order PMDE
can be misleading [1], [28].

Returning back to Fig. 4, it is worth noting that CMA-based
equalizers are more robust than their DD-LMS counterparts,
in the strong PMD regime. For instance, as mentioned earlier,
CMA-based equalizers with -spaced taps per FIR
filter can compensate for a mean DGD equal to at an
outage probability of and for a 1-dB system margin
[see Fig. 4(a)]. In contrast, similar DD-LMS equalizers can

compensate only for a mean DGD of under the same
conditions [Fig. 4(b)]. Therefore, the use of CMA-based equal-
izers leads to an 18.4% increase of the acceptable mean DGD
or, equivalently, to a 40.2% longer transmission distance. These
results change slightly if the PMD margin is relaxed from 1 to
3 dB in Fig. 4(a) and (b). We observe that the acceptable mean
DGD increases significantly for both equalizer types but not by
the same amount. For instance, it is possible to achieve a 36.7%
longer transmission distance for a 15-tap CMA-based equalizer
(increasing mean tolerable DGD from at 1 dB to
at 3 dB) compared to 47.2% for a 15-tap DD-LMS-based
equalizer (increasing mean tolerable DGD from at 1 dB
to at 3 dB) under the same conditions. Nevertheless, the
aforementioned trend in favor of CMA still holds.

The comparison of the performance of stand-alone
CMA-based [see Fig. 4(a)] and DD-LMS-based [see Fig. 4(b)]
equalizers against their combination [see Fig. 4(c)], with

-spaced taps per FIR filter, shows that the latter can
tolerate a 6.67% larger mean total DGD, at an outage proba-
bility of , for 1-dB margin, for zero IF offset. The superior
performance of the CMA/LMS equalizer holds for both the
weak and the strong PMD regime. The tolerable mean DGD is
allowed to increase up to , using only 15 taps, for a 2-dB
system margin and for an outage probability of .

In the weak PMD regime, the performance of DD-LMS-
based equalizer is superior. For instance, the CMA-based equal-
izer with five taps can compensate for a mean DGD of
[see Fig. 4(a)], as opposed to for their LMS-based
counterparts, at an outage probability of and a 1-dB
system margin [see Fig. 4(b)]. We caution the reader that the
previous conclusions hold for zero IF offset.

Finally, we performed a sanity check for the accuracy of
the results of MMC by comparing them to the results of the
approximate analytical model of [49], modified for uncom-
pensated coherent PDM QPSK systems (using a constrained
CMA-based polarization demultiplexer with a one tap per
filter). The theoretical prediction (triangles) is fairly close to
simulation results (dotted line), as shown in Fig. 4. We also
verified, by conventional MC simulations, the validity of the
results of MMC simulations corresponding to high outage
probabilities in Fig. 4(a)–(c).

Figs. 6 and 7 show that the existence of IF offset degrades the
performance of the DD-LMS-based equalizer, indicating that
the CMA-based equalizer is a more suitable candidate for use
in a practical coherent PDM QPSK system, even in the weak
PMD regime.

More specifically, in Fig. 6, we investigate the performance of
five-tap CMA-based and DD-LMS equalizers in the presence of
an IF offset equal to in a coherent PDM QPSK system.
For the five-tap CMA-based equalizer, at an outage probability
of , the tolerable mean DGD value is decreased by 15% for
a 1-dB OSNR margin, whereas for a 2- and a 3-dB margin it is
decreased by 3.3% and 4.2%, respectively. On the contrary, for
the five-tap DD-LMS-based equalizer, at an outage probability
of , the tolerable mean DGD value is decreased by 35% for
a 1-dB OSNR margin, whereas for a 2- and a 3-dB margin it is
decreased by 25% and 18.2%, respectively.

Fig. 7 shows that, for the ten-tap CMA-based equalizer and
at an outage probability of , the tolerable mean DGD value
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Fig. 6. Outage probability as a function of the normalized mean DGD. (a) 1-dB
margin. (b) 2-dB margin. (c) 3-dB margin. (Symbols: open circles: five-tap
CMA-based equalizer in the presence of IF offset; filled circles: five-tap CMA-
based equalizer in the absence of IF offset; open squares: five-tap DD-LMS-
based equalizer in the presence of IF offset; filled squares: five-tap DD-LMS-
based equalizer in the absence of IF offset).

is decreased by only 6.8% for a 1-dB OSNR margin, whereas
for a 2- and a 3-dB margin it is decreased by 5.6% and 1.8%,
respectively. Under the same conditions, the performance of the
DD-LMS-based equalizer declines more rapidly. For instance,
the acceptable mean DGD values for a 1-dB OSNR margin de-
creases by 17.7%, whereas for a 2- and a 3-dB margin, it de-
creases by 16.5% and 14.8%, respectively.

IV. CONCLUSION

In this paper, we compared the performance of fractionally
spaced, CMA-, DD-LMS- and CMA/LMS-based PMD equal-
izers in coherent PDM QPSK systems in the exclusive presence
of PMD. The outage probability was used as a performance cri-
terion. Very rare PMD events were generated using a parallel
programming implementation of the MMC method. In the ab-
sence of IF offset, it was shown that CMA equalizers perform

Fig. 7. Outage probability as a function of the normalized mean DGD.
(a) 1-dB margin. (b) 2-dB margin. (c) 3-dB margin. (Symbols: open circles:
ten-tap CMA-based equalizer in the presence of IF offset; filled circles:
ten-tap CMA-based equalizer in the absence of IF offset; open squares: ten-tap
DD-LMS-based equalizer in the presence of IF offset; filled squares: ten-tap
DD-LMS-based equalizer in the absence of IF offset).

slightly better than their DD-LMS counterparts in the strong
PMD regime, whereas the opposite holds true at the weak PMD
regime. In the presence of IF offset, the CMA-based equalizer
is a more suitable candidate for practical coherent PDM QPSK
systems. In all cases, successive application of these adaptive
equalization algorithms offers a better performance than either
one alone.
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