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Abstract: We use the power coupled-mode theory to study the interplay between multi-
path interference (MPI) and differential mode attenuation (DMA) in quasi-single mode
(QSM) fibers. The analytical expressions derived assuming two mode propagation in
QSM fibers show that MPI scales differently as a function of the span length for low and
high DMA. Furthermore, we derive analytical expressions for the performance improve-
ment of long-haul coherent optical communication systems using QSM fibers, taking into
account the impact of excess loss and MPI on system performance. From these expres-
sions, we calculate the maximum allowable coupling coefficient for different values of the
DMA. We show, for example, that a QSM fiber with an effective area of 250 �m2, a coupling
coefficient � � 6� 10�4 km�1, and DMA equal to 4 dB/km offers a 1-dB performance ad-
vantage over a reference pure silica core single-mode fiber for spans of 100 km.

Index Terms: Quasi-single mode fiber, multipath interference, coherent optical communi-
cations, coupled-mode theory.

1. Introduction
Long-haul coherent optical communication systems currently operate close to the theoretical
nonlinear capacity limit [1]. One way to boost optical fiber capacity beyond this limit is to further
increase the effective area of the fiber in order to reduce nonlinear distortion [1]. An increase in
effective area, while bringing the benefit of reducing nonlinear penalties, leads to enhanced sen-
sitivity to micro-bend and macro-bend induced loss, and a somewhat related possibility of few
spatial modes propagating in the fiber. In the former case, the designed fiber ends up having el-
evated loss that diminishes its reach. In the latter case, single mode transmission through a
quasi-single mode (QSM) fiber, a few-mode fiber (FMF), or a multimode fiber (MMF) can suffer
from multipath interference (MPI), which is a crosstalk effect that causes system performance
degradation [2]–[10]. MPI can appear when the optical fiber supports, apart from the fundamen-
tal mode, at least one higher-order mode at the operating wavelength. Then, power coupling
from the fundamental mode to the higher-order mode and back, at various random points during
propagation, creates multiple delayed replicas of the signal that interfere with the signal at the
receiver. This effect is similar in nature to the multipath crosstalk observed in the optical switch
fabrics and add-drop multiplexers/demultiplexers of transparent optical networks. As in transpar-
ent optical networks, MPI leads to a rapid deterioration of the performance of a coherent optical
communication system after the total power of the interferers exceeds a certain threshold.
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Various physical mechanisms can lead to power coupling between modes and, eventually,
MPI. We can roughly distinguish two MPI cases, discrete MPI, which can be generated locally at
fiber splices and connectors and continuously-generated MPI along the fiber due to inter-modal
coupling caused by index profile imperfections, twists and bends of the fiber on all spatial scales.

Initial studies on the topic of continuous MPI were performed in the context of the characteri-
zation of bimodal dispersion compensating fiber modules [2], [3]. More recent experiments
[4]–[6] were conducted in order to quantify the impact of continuous MPI on the performance of
coherent optical systems using single mode transmission over quasi-single mode, few-mode
and multimode fibers. In addition, system-oriented theoretical models based on matrix multipli-
cation describing field coupling between two mode groups at lumped points along transmission
were proposed [7], [8]. Finally, the performance of adaptive electronic equalizers for continuous
MPI compensation in coherent optical communication systems was studied in [9]–[11].

In the first part of this paper, in order to describe continuously-distributed MPI, we resort to
power coupled-mode theory (CMT). More specifically, we consider a set of equations that de-
scribe the spatial evolution CW powers in two coupled modes co-propagating through the fiber
at different speeds. The coupling between the modes is a result of random variations of the fiber
index profile. Since we do not know exactly the realization(s) of the fiber index profile perturba-
tions, we invoke the assumptions behind the derivation of the power CMT, as presented in [12].
We show that, despite its simplicity, the power CMT can provide useful insight into the MPI. Fur-
thermore, we use the power CMT to study the effect of the differential modal attenuation (DMA)
on MPI and summarize the work on the QSM fiber performance.

In the second part of this paper we derive analytical expressions for the performance improve-
ment of a long-haul coherent optical system without in-line dispersion compensation based on QSM
fiber, taking into account the impact of excess loss and MPI. In addition, we calculate the maximum
allowable coupling coefficient for different values of the DMA. We show, for example, 1 dB perfor-
mance advantage over a reference pure silica core single-mode fiber for 100 km spans of QSM
fiber with an effective area of 250 �m2, a coupling coefficient � � 6� 10�4 km�1, and DMA equal
to 4 dB/km.

The rest of the paper is organized as follows: In Section 2, we introduce the theoretical model
for MPI and the performance improvement factor (PIF) that enables to quantify the impact of fi-
ber MPI on the performance of a long-haul coherent optical system without in-line dispersion
compensation. Section 3 focuses on the discussion of numerical results based on the theory of
Section 2. The details of the calculation of the system performance degradation due to MPI are
discussed in the Appendix.

2. Theoretical Model

2.1. Power CMT Model of MPI
There are several approaches to model fiber MPI caused by co-propagating modes. One

such approach is based on i) the propagation of modal fields with field coupling occurring at pre-
scribed, random or regular, points along the fiber, as schematically shown for two modes in
Fig. 1 (top); and ii) MPI evaluation obtained by averaging the output signal over multiple realiza-
tions of the field couplings. In another approach, one i) performs averaging of the governing field
propagation equations over the random realization of (continuously distributed) field coupling
along the propagation distance first, arriving at power CMT [12] and then ii) solves the power
CMT characterized by power coupling coefficients to evaluate the fiber MPI. The former ap-
proach is often used in simulations, since it allows simple treatment of effects caused by chro-
matic dispersion and nonlinearities. It will be briefly described in Section 2.2. To derive
analytical results, we shall focus on the latter approach for the case of two CW modes next.

Consider the modal powers P�ðzÞ � hjA�ðzÞj2i, � ¼ 0; 1, given as an ensemble average of the

modal field magnitude squared, jA�ðzÞj2, � ¼ 0; 1. In the following, we will use the subscript 0 to
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denote quantities referring to the fundamental mode and the subscript 1 to denote quantities refer-
ring to the higher order mode. The evolution of the modal powers is described by the equations

dP0=dz ¼ ��0P0 þ �ðP1 � P0Þ
dP1=dz ¼ ��1P1 þ �ðP0 � P1Þ: (1)

In (1), the explicit spatial dependence was omitted for brevity. On the right hand side of (1),
we have terms describing the modal loss, different for the two modes, using the attenuation
coefficients �0 and �1. The difference in the values of these attenuation coefficients constitutes
the DMA, a focal point of our study. The coupling of the two modes is described by the terms
that involve the average power coupling coefficient � (assumed positive). This average cou-
pling coefficient contains the effects of refractive index perturbation along the propagation dis-
tance z, through its power spectrum, and depends on the difference of the phase velocities of
the modes [12]. The coupling coefficient also depends on the transverse spatial profile of the
modal fields, invoking the selection rules between the modes that can couple or are forbidden
to couple.

Assuming that only the fundamental mode is launched into the fiber, the initial conditions are
P0ð0Þ ¼ 1 and P1ð0Þ ¼ 0. Then, the solution of (1) is

P0ðzÞ ¼ 1
�

�cosh
�z
2

� �
þ��sinh

�z
2

� �� �
e�ð�þ�Þz

P1ðzÞ ¼ 2�
�
sinh

�z
2

� �
e�ð�þ�Þz (2)

where we defined the DMA as �� � �1 � �0, introduced the average attenuation coefficient
� � ð�1 þ �0Þ=2, and used the shorthand notation � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

��2 þ 4�2
p

.
In the discrete case [3], MPI is defined by MPI � P

i Pi=Ps, where the sum runs over all possi-
ble interference paths, P i denoting the i th delayed signal power replica, and Ps denoting the av-
erage power of the signal incident on the receiver. In the case of continuous MPI, modeled by
(1), we use a different, but equivalent expression to calculate MPI: MPI ¼ ðPout � PsignalÞ=Psignal,
with Pout denoting the total power in the fundamental mode, at the end of the span length L, and
Psignal denoting the power in the fundamental mode, assuming no back-coupled power from the
higher-order mode, i.e., Psignal ¼ exp½�ð�þ �0ÞL�, as shown below.

Examining the extreme case when power coupling from the higher-order mode back to the
fundamental mode is negligible, the first of the equations (1) becomes

dP0=dz ¼ �ð�0 þ �ÞP0 (3)

Fig. 1. (Top) Illustration of a 2-mode discrete coupling between the fundamental LP01 mode and the
higher order mode LP11. �z denotes the length of a fiber segment, which is often referred to as wa-
veplate, within which field propagation occurs without coupling. Coupling occurs in-between seg-
ments at their connections. The LP11 mode is not detected. (Bottom) Two-mode optical fiber can be
represented as a series of cascaded asymmetric Mach-Zehnder interferometers.
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with solution

Psignal � P0ðLÞ ¼ P0ð0Þexp � �0 þ �ð ÞL½ �: (4)

We observe that the power coupling coefficient is directly added to the attenuation coefficient of
the fundamental mode, since the power coupled from the fundamental mode to the higher order
mode is lost.

It is also instrumental to compare Pout with the power of a single-mode fiber with the same atten-
uation as the fundamental mode above, �0. We can define the excess loss of the QSM fiber over
the loss of a single-mode fiber as EL � Pout=½P0ð0Þe��0L� and study its dependence on various pa-
rameters and its influence on the fiber performance. Excess loss represents an added term to the fi-
ber loss that is due to mode coupling and cannot be compensated at the receiver. Hence, the
relevant limit for fiber long-haul transmission is the limit of weak coupling. For example, in the limit
��2 � 4�2, i.e., in the DMA-dominant regime, EL � Psignal=½P0ð0Þe��0L� ¼ exp½��L�.

We interpret the 0-th mode as the LP01 mode of a fiber and the 1-st mode as the LP11 mode.
Using the solution (2), we arrive at the following expression for the MPI parameter:

MPI ¼ cosh
�L
2

� �
þ��

�
sinh

�L
2

� �� �
e���	L=2 � 1: (5)

We are interested in the weak coupling regime �L 
 1 in two-mode fibers. In this limit, (5) leads
to the simplified expression

MPI ¼ ��L� 1� e���L

��2 �2 þOð�3Þ: (6)

This expression has several interesting limits: I) When � ¼ 0, i.e., in the case of no coupling, we
obtain MPI ¼ 0, as expected, independent of the value of DMA; II) in the absence of DMA, i.e.,
when �� ¼ 0, we obtain MPI0 ¼ ð�LÞ2=2, where the subscript 0 denotes zero DMA; III) in the
case of high DMA, i.e., when ��2 � 4�2, we arrive at MPIDMA ¼ �2L=��. From these results, it
transpires that the MPI can be reduced if we allow for substantial DMA, MPIDMA G MPI0, since

MPIDMA ¼ �2L
��

¼ 2
��L

ð�LÞ2
2

¼ 2
��L

�MPI0: (7)

We observe that MPIDMA is smaller than MPI0, if ��L 9 1. The above expressions also lead to
an interesting observation about the propagation length dependence of the MPI: It is quadratic in
the case of small DMA, while linear in the presence of substantial DMA. This is shown in Fig. 2.

Continuous MPI is often simulated as a limit of a number of discrete multi-mode fiber seg-
ments, where power coupling occurs at the connections between fiber segments (see Fig. 1).
To formulate such a discrete power coupling model, we cut the fiber into M segments of length
�z. Then, the power attenuation matrix can be written as

Dp ¼ e���z e���z=2 0
0 e����z=2

� �
(8)

and the power coupling matrix as

Cp ¼ 1� " "
" 1� "

� �
; " � ��z: (9)

The channel power transfer matrix is then given by

Tp ¼ Cp

YM
j¼1

DpCp: (10)
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The matrix Tp connects the input powers to the output powers:

Pout ¼ TpPin; Pin ¼ ð1 0ÞT ; Pout ¼ ðP0 P1ÞT : (11)

This model also allows one to generalize the power CMT equations (1) to account for possible
inhomogeneities of modal loss and coupling along the fiber. Relations (8)–(11) can be used to
study the convergence of the discrete model results to the continuous analytical solution.

2.2. Discrete Field Coupling Model of MPI
Fig. 1 (bottom) shows a simplified representation of an optical fiber supporting the LP01 and

LP11 mode groups. In this schematic, we assume that the modes inside each mode group are
fully degenerate and, therefore, we can assume that each mode group behaves as one mode.
As in the previous section, we assume that the light is injected in the fundamental mode exclu-
sively. At various random locations along the fiber, which are denoted by yellow circles, light
couples from one mode to another. Therefore, the optical fiber is equivalent to a series of cas-
caded asymmetric Mach-Zehnder interferometers. As above, we ignore chromatic dispersion
and nonlinearities in our model.

To formulate the discrete MPI model in terms of propagating fields, we cut again the fiber into
M segments of length �z. The field attenuation matrix in a fiber segment can then be written as

Df ;j ¼ e��j�z=2 e��j�z=4 0
0 e���j�z=4

� �
: (12)

One possible form of the fields coupling matrix can be

Cf ;j ¼ cos’j isin’j

isin’j cos’j

� �
(13)

with sin2’j � "j ¼ �ðzj Þ�z; 1 � j � M þ 1.
The channel field transfer matrix is then expressed as

Tf ¼ CMþ1

YM
j¼1

Df ;jCf ;j (14)

Fig. 2. MPI (in linear units) dependence on the propagation length. The dependence is quadratic
when the DMA satisfies ��2 
 4�2, while linear when ��2 � 4�2. LP01 attenuation of 0.16 dB/km
and � ¼ 0:001 km�1 were assumed.
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and the output fields are calculated using

Aout ¼ TfAin; Ain ¼ ð1 0ÞT ; Aout ¼ ðA0 A1ÞT : (15)

Assuming a homogeneous fiber, i.e., with identical average loss and DMA in all the segments,
�j ¼ �; ��j ¼ �� 8 j , the useful signal in the fundamental mode is given by

As ¼ e�M��z=2eM���z=4
YMþ1

j¼1

cos’j (16)

and we used MPI ’ � jA0 � Asj2=A2
s as a definition of MPI parameter for the field coupling model.

The individual realizations of the field coupling along the fiber are determined by the random
parameters ’j ; 1 � j � M þ 1, which are be drawn from an appropriate distribution. Strong cou-
pling, relevant, e.g., for polarization mode dispersion description, is characterized by a uniform
distribution of ’'s in the interval ð��; �Þ. To capture the weak coupling limit of interest here, we
use arbitrarily the von-Mises distribution (with zero mean) that allows us to model a more local-
ized distribution of ’'s

p’ð’; �Þ ¼ e�cos’

2�I0ð�Þ ; �� � ’ � � (17)

where the parameter ��1 is related to the spread of the principal axes of the coupler (13) on the
equator of the Poincaré sphere and I0ð�Þ is the zeroth-order modified Bessel function of the first
kind. Setting � ¼ 0 leads to a uniform distribution, while larger values of � lead to Gaussian-like
distributions caused by an approximate alignment of the principal axes of the couplers (see
Fig. 3). Zero mean aligns the principal axes of the coupler (13) around the x -axis of the Poincaré
sphere.

2.3. Calculation of the Performance Improvement Factor (PIF)
To quantify the difference between two coherent optical systems using two different optical fi-

bers, we compare the optimal Q-factor for the fiber under study, Q0, and the optimal Q-factor of
a reference fiber, Q0;r. We define the performance improvement factor (PIF), in linear scale, as

F � ðQ0=Q0;rÞ2 and, in logarithmic scale, as F ½dB� � 10 log F .

2.3.1. PIF for Transmission Over an Ideal Single-Mode Fiber
The Q-factor of a coherent optical system using an ideal single-mode fiber and no in-line

chromatic dispersion compensation can be well described by the analytical asymptotic

Fig. 3. Von-Mises distribution with a zero mean.
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relationship [13]–[15]

Q2 ¼ A
Pe�i þ e�iP3 (18)

where A is a multiplicative coefficient depending on the modulation format and the receiver fil-
ter, P is the total average launch power per channel (in both polarizations), e�i is the amplified
spontaneous emission (ASE) noise variance, and e�iP3 is the nonlinear noise variance. The in-
dex i in the coefficients e�i, e�i denotes an “ideal” single-mode fiber (i.e., without a higher-order
mode present). Notice than in (18) and henceforth, P corresponds to P0 that was used in
Section 2.1.

The ideal single-mode fiber is assumed to have an effective area Aeff, a nonlinear index coeffi-
cient n2, and an attenuation coefficient �0. Each optical fiber span is followed by an optical am-
plifier of gain equal to the span loss G ¼ expð�0LÞ and noise figure FA. In this case, the
coefficients e�i, e�i for the center WDM channel of carrier wavelength 	 depend on the system pa-
rameters as follows:

e�i � hf0NsFA�
e�0L (19)

e�i � 2
3

� �3

�2Ns
ln �2 �2j jN2

chR
2
s =�0

� �
� �2j jR3

s�0
�
 (20)

where h is Planck's constant, f 0 is the center WDM channel carrier frequency ðf 0 ¼ c=	Þ, Ns is
the number of spans, L is the span length, �
 is the resolution bandwidth for the measurement
of the ASE noise from the optical amplifiers, � ¼ 2�n2=ð	AeffÞ is the nonlinear coefficient of the
fiber, �2 is the group velocity dispersion (GVD) parameter, Nch is the number of WDM channels,
and Rs is the symbol rate. The speed of light in vacuum is denoted as c.

At the optimum operating point, the Q-factor takes its maximal value

Q2
0i ¼ A

4
27e�2

i e�i
� �1=3

: (21)

First, we compare two systems with the same exact system parameters using ideal single-mode
fibers with different effective areas and attenuation coefficients. In this case, the PIF, in linear
scale, is given by

Fi ¼ Q2
0i

Q2
0;r

� A2
eff

A2
eff ;r

�0

�0;r
e2 �0;r��0ð ÞL

" #1=3

: (22)

2.3.2. PIF for Transmission Over QSM Fiber
The PIF, in the extreme case when there is no MPI at the output of the receiver, e.g., due to

perfect electronic MPI compensation, can be given by modifying (22) to include the impact of
the excess loss

Fc ¼ Q2
0

Q2
0;r

� A2
eff

A2
eff ;r

�0 þ �

�0;r
e2 �0;r��0��ð ÞL

" #1=3

(23)
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where

Q2
0 ¼A

4
27e�2e�

� �1=3

(24)

e� � hf0NsFA�
eð�0þ�ÞL (25)

e� ffi 2
3

� �3

�2Ns
ln �2j�2jN2

chR
2
s=ð�0 þ �Þ	 


�j�2jR3
s ð�0 þ �Þ �
: (26)

In (23), we assumed that the reference fiber is again an ideal single-mode fiber. Note that we
used the symbol F c (for compensated systems) to differentiate from the case of the ideal single-
mode fiber, which is denoted by F i. In addition note that we dropped the index i in the coefficientse�, e� to indicate that the latter quantities are now affected by the excess loss of the QSM fiber.

Next, we examine the opposite extreme case when there is MPI at the output of the receiver and
there is no electronic MPI compensation. We assume that the MPI acts as an equivalent Gaussian
noise added to the ASE and nonlinear noise during signal propagation. Then, the Q-factor of a co-
herent optical system using QSM fiber can be described by the analytical relationship

Q2 ¼ A
Pe�þ e�P þ e�P3

(27)

where e�P is the MPI noise variance at the input of the coherent optical receiver. It is shown in the

Appendix that e� ¼ Ns�
MPI=Rs.
The presence of MPI noise changes the Q-factor at the optimum operating point to

Q2
max ¼

Q2
0

1þ e�Q2
0=A

: (28)

By repeating the calculation of the PIF using (24)–(28), we obtain for the “uncompensated” PIF

Fu ¼ Q2
max

Q2
0;r

¼ Fc

1þ CrFc 	MPI
(29)

where F c is given by (23), and C r is a multiplicative coefficient, depending on the parameters of
the reference system exclusively

Cr ¼ �j�2r j�0;r

2ðhf0FAÞ2e2�0;r L�2r ln �2j�2r jN2
chR

2
s =�0;r

� �" #1=3

(30)

with �r given by �r ¼ 2�n2;r=ð	Aeff;rÞ.

3. Results and Discussion

3.1. Analytical MPI Model
In Fig. 4, we show contour plots that allow the determination of minimal DMA, or the minimal

loss of the 1-st mode assuming the 0-th mode loss is known, for a given maximal allowed MPI
and power coupling coefficient in the regime III) defined in Section 2.1. It was shown in [17],
using an MPI emulator, that MPI needs to be smaller than approximately �26 dB for the MPI
penalty to be smaller than 1 dB for a 256 Gb/s PM-16QAM signal at BER values of 10�3. Fig. 5
illustrates the allowable minimal 1-st mode attenuation coefficient dependence on the coupling
constant, given a specified level of MPI and assuming 80 km span length and typical zeroth
mode attenuation.
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Using the continuous power coupling model of Section 2.1, we can study the interplay of allow-
able fiber MPI, excess loss, DMA, coupling �, and propagation distance L. For example, given a
maximum required EL, Fig. 6 can be used to determine the maximum allowable MPI level for a fiber
with known DMA and L. From these values of excess loss, DMA, and L, � can be determined if
desired. This may be a practical alternative way to estimate fiber's coupling coefficient.

3.2. Discrete MPI Modeling
In practice, as mentioned above, the continuous MPI is often simulated as a limit of a number

of discrete multi-mode fiber segments, where power coupling occurs at the connections be-
tween adjacent fiber segments (see Fig. 1). While such calculations using power CMT yield the
same qualitative behavior as described by (6) and its various limits, such as quadratic and linear
dependence of MPI on the propagation length, Fig. 7 shows that, e.g., more than 1000 seg-
ments may be necessary to produce the right quantitative answer in the regime III) discussed in
Section 2.1. Note the qualitative difference in the convergence dependence on DMA in Fig. 7.

Nevertheless, discrete power and field coupling models can be used to study the statistics of
MPI using Monte Carlo methods. Next, we study the discrete field coupling model described in

Fig. 5. Minimal LP11 mode attenuation needed for MPI to be lower than a prescribed value for a
80 km propagation length and 0.16 dB/km LP01 attenuation.

Fig. 4. Minimal LP11 mode attenuation that is needed for various coupling coefficients and allowed
MPI. 80 km propagation length is assumed.
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Section 2.2., in conjunction with field CMT. The weak two-mode field coupling is mimicked using
the unitary coupling matrices (13) with principal axes distributed along a portion of the equator of
the Poincaré sphere following (17). The parameter � in (17) is chosen such that the mean of the
power splitting ratio is equal to the nominal value of the power coupling parameter " � ��z, i.e.,

" ¼
Z�
��

d’sin2’p’ð’; �Þ ¼ I1ð�Þ
�I0ð�Þ : (31)

Fig. 6. Excess loss dependence on MPI and DMA for � ¼ 0:16 dB/km�1 and L ¼ 80 km.

Fig. 7. MPI dependence on the propagation length. (a) Low DMA case. Blue dashed line: continuous
MPI solution (6). Red-dot line: 10 km segments used. Red-dashed line: 1 km segments used.
(b) High DMA case. Blue dashed line: continuous MPI solution (6). Cyan line: approximation MPIDMA ¼
�2L=j��j in (7). Red lines: discrete power coupling model with different segments lengths.

Vol. 7, No. 1, February 2015 7100116

IEEE Photonics Journal Coupled-Mode Theory of MPI in QSM Fibers



For instance, for " � ��z ¼ 10�3, we obtain � ¼ 999:5; therefore, ’ follows a narrow Gaussian-
like probability distribution function that resembles a Dirac �-distribution.

The MPI distribution for 10000 realizations of a 10 km fiber span using 10 � 1 km fiber seg-
ments is shown in Fig. 8. The mean of the histogram agrees well with the prediction of the con-
tinuous power CMT model (6). However, the actual MPI takes values in a large range. Even
though the calculation is performed for a finite number of interfering fields, the MPI histogram
implies a slow polynomial decay of the right tail of the distribution (i.e., “fat-tailed distribution”).
Since the variance of random variables described by pdf with fat tails can be unbounded, the
central limit theorem might not apply. Consequently, a fat-tailed MPI distribution might result for
multiple spans as well. This can have an important implication for the system outages.

3.3. PIF
To investigate the impact of QSM fiber on coherent optical system performance, we plot PIF

contours based on (23) for the ideal case when there is no MPI at the output of the receiver,
e.g., due to perfect electronic MPI compensation (see Fig. 9). For the PIF calculation, we

Fig. 8. Discrete field CMT model: The mean MPI parameter MPI ’ predicted by the discrete field
CMT model is approximately the same as the one predicted by the continuous power CMT analyti-
cal model (1) and is equal to –43 dB (black line) but the actual MPI ’ takes values in a large range.

Fig. 9. PIF contours (in dB) as a function of the excess loss or the coupling coefficient and the ef-
fective area for a coherent optical communications system with perfect electronic MPI compensa-
tion at the receiver. (a) 100 km spans. (b) 50 km spans.
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assume n2 ¼ 2:1� 10�20 m2=W at 	 ¼ 1550 nm, number of WDM channels Nch ¼ 8, symbol rate
Rs ¼ 32 GBd, amplifier noise figure FA ¼ 5 dB, a matched filter receiver with equivalent optical
bandwidth equal to the symbol rate Rs, and �
 ¼ 12:5 GHz. As a reference fiber we use a com-
mercially available, large effective area submarine single-mode fiber with �r ¼ 0:155 dB/km,
Aeff;r ¼ 150 �m2, and dispersion �2r ¼ 20:6 ps/nm/km. We assume that the QSM fiber has the
same fiber parameters as the reference fiber, except for the effective area and the excess loss. To
calculate the latter, the coupling coefficient is varied in the range ½5� 10�4;5� 10�3� km�1. From
Fig. 9, we observe that a hypothetical QSM fiber with 250 �m2 effective area can provide 1 dB per-
formance advantage over the reference fiber, if the coupling coefficient is at most � ¼ 0:002 km�1

for 100-km spans and � ¼ 0:0045 km�1 for 50-km spans.
Next, we plot PIF contours based on expression (29) for the case when there is no electronic

MPI compensation (Fig. 10 for a system with 100-km spans of QSM fiber and Fig. 11 for a sys-
tem with 50-km spans of QSM fiber). The same reference fiber is assumed, with �r ¼
0:155 dB/km and Aeff;r ¼ 150 �m2. Now, we assume that the QSM fiber differs from the reference
fiber in the effective area, the excess loss, and the DMA. We distinguish two cases of DMA, a
low value [see Figs. 10(a) and 11(a)] and a high value [see Figs. 10(b) and 11(b)]. For instance,
from Fig. 10(b), we observe that for an effective area of 250 �m2 and 100 km spans, the maxi-
mum allowable coupling coefficient is �max ¼ 6� 10�4 km�1 for �� ¼ 4 dB/km to achieve QSM
fiber PIF ¼ 1 dB. We also observe that for an effective area of 250 �m2 and 50 km spans, the
maximum allowable coupling coefficient is �max ¼ 5� 104 km�1 for �� ¼ 4 dB/km to achieve
QSM fiber PIF ¼ 1 dB.

Finally, in Fig. 12(a), we plot graphs of the maximum allowable coupling coefficient as a func-
tion of the effective area and different span lengths for a coherent optical communications sys-
tem with perfect electronic MPI compensation. (The maximum allowable coupling coefficient is
the one to achieve PIF ¼ 1 dB.) In Fig. 12(b), we plot graphs of the maximum allowable coupling
coefficient as a function of the DMA for different values of the effective area for a coherent opti-
cal communications system with no MPI compensation and either 100-km spans (solid lines) or
50-km spans (broken lines). We observe that the lines for the 50-km spans cross with the lines
of the 100-km spans in Fig. 12(b). It is worth noting that, for Aeff;r � 210 �m2, it is impossible for
QSM fiber to yield a 1 dB PIF compared to the single-mode reference fiber, even if the coupling

Fig. 10. PIF contours (in dB) as a function of the excess loss or the coupling coefficient and the ef-
fective area for a coherent optical communications system with 100-km spans and no electronic MPI
compensation at the receiver. (a) Low DMA ð�� ¼ 2� 10�3 dB/kmÞ. (b) High DMA ð�� ¼ 4 dB/kmÞ.

Vol. 7, No. 1, February 2015 7100116

IEEE Photonics Journal Coupled-Mode Theory of MPI in QSM Fibers



coefficient is � ¼ 0. Therefore, in the above plots, we assume that the QSM fiber effective area
can be up to 300 �m2.

4. Summary
In summary, we derived analytical expressions that relate the MPI, the power coupling coeffi-
cient, the DMA, and the span length using a continuous two-mode power CMT model. In the re-
gime of interest, such expressions can provide examples of the interplay among these
parameters, as shown in Figs. 4–6. We showed, for the first time, that the effect of MPI in a fiber
can be reduced by the increase of DMA, and discussed the notion of the excess loss. We also
pointed out possible errors in the results obtained by a discrete MPI approximation to continu-
ous MPI and the compatibility of results of a segmented field CMT model with the power CMT
description.

Furthermore, we introduced the PIF as the square of the ratio of the optimal Q-factor for the fi-
ber under study and the optimal Q-factor of a reference fiber. We used this measure to derive

Fig. 12. Maximum allowable coefficient to achieve PIF ¼ 1 dB. (a) In the case of perfect electronic
MPI compensation at the receiver. (b) In the case of no electronic MPI compensation at the re-
ceiver. Symbols: solid lines: 100 km spans; broken lines: 50 km spans.

Fig. 11. PIF contours (in dB) as a function of the excess loss or the coupling coefficient and the ef-
fective area for a coherent optical communications system with 50-km spans and no electronic MPI
compensation at the receiver. (a) Low DMA ð�� ¼ 2� 10�3 dB/kmÞ. (b) High DMA ð�� ¼ 4 dB/kmÞ.
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analytical expressions for the performance improvement of long-haul coherent optical communi-
cations systems using QSM fibers, where we took into account the impact of excess loss and
MPI on system performance. From these expressions, we can calculate the maximum allowable
coupling coefficient for different values of the DMA. We showed, for example, that a QSM fiber
with an effective area of 250 �m2, coupling coefficient � � 6� 10�4 km�1, for �� ¼ 4 dB/km of-
fers 1 dB performance advantage over a reference pure silica single-mode fiber for 100 km
spans when MPI is uncompensated. For fully compensated MPI, and thus arbitrary DMA, the
maximal coupling coefficient should be smaller than 0.002 km�1 for 100 km spans, which is a
value approximately 3.3-times larger than the maximal coupling coefficient required in the corre-
sponding uncompensated MPI case.
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Appendix
In this Appendix, we combine the formalism of [3], [13]–[16] in order to quantify the impact of
MPI on the performance of coherent optical systems using single-mode transmission over
quasi-single mode, few-mode and multimode fibers. The fundamental assumption behind our
model is that MPI can be well represented as an additive white Gaussian noise at the sampling
instant at the output of the coherent optical receiver.

In coherent optical systems with polarization division multiplexed (PDM) M-ary quadrature
amplitude modulation (M-QAM) in the presence of Gaussian noise, the bit error probability is
given by

Pejb ¼ 1
2
erfc

Qffiffiffi
2

p
� �

(A1)

where

erfcðxÞ ¼ 2ffiffiffi
�

p
Z1
x

e�t2dt :

The square of the Q-factor is asymptotically proportional to the optical signal-to-noise ratio
(OSNR) at the receiver input [1]

Q2 ¼ 3
M � 1

�


Beq
OSNR (A2)

where �
 is the resolution bandwidth for the measurement of the OSNR, Beq is the equivalent
noise bandwidth of the coherent optical receiver, and M is the number of symbols in the QAM
alphabet.

Assume that MPI generates an additive white Gaussian noise at the sampling instant with
zero mean and variance �2

x, as measured at the equivalent noise bandwidth of the coherent op-
tical receiver. Then, the OSNR in (A2) can be replaced by an effective OSNR, which is denoted
by OSNReff [13]–[16]:

OSNReff ¼ Pe�þ �2
x ;eq þ e�P3 (A3)

where P is the total average launch power per channel (in both polarizations), and �2
x ;eq is the

variance of a fictitious additive white Gaussian noise at the entrance of the coherent optical
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receiver, measured at the resolution bandwidth �
, that gives rise to the MPI generated noise
at the sampling instant. Since we assumed a white crosstalk noise spectrum, we can write

�2
x ;eq ¼ �


Beq
�2
x : (A4)

We calculate MPI at the entrance of the decision device at the coherent optical receiver as

MPI ¼ �2
x

P
: (A5)

Next, we calculate the MPI from its definition (A5) for a coherent optical system, where the sig-
nal and N interferers arrive with aligned states of polarization [14]. The transmitted signal in one
state of polarization is

Es ¼
X
m

cmgðt �mT Þei
ðtÞ (A6)

where cm are the QAM symbols, T is the symbol period, gðtÞ the pulse shape (e.g., gðtÞ ¼ 1 if
jt j � T =2), and 
ðtÞ the phase noise of the transmitter laser. We assume that the actual signal
at the decision device of the receiver after ideal digital signal processing (DSP) equalization, in
the absence of noise and residual distortion, can be written in continuous time t as

Er ðtÞ ¼ EsðtÞ þ
XN
k¼1

ffiffiffiffiffi
"k

p
Esðt � �k Þe�i�k (A7)

where "k ¼ Pk=P are the crosstalk levels, �k are the group delays of the interferers, and �k are
random phases accumulated along the various optical paths.

We assume that the group delays of the interferers are equal to multiples of the symbol pe-
riod. This is the worst-case scenario of alignment according to [16]. Then, the (phase-rotated)
signal detected after ideal DSP equalization at the sampling instant tn is

Er ðtnÞ ¼ cn þ
XN
k¼1

ffiffiffiffiffi
"k

p
cn�ke�i 
ðtnÞ�
ðtn��k Þ½ �e�i�k : (A8)

The interferometric noise due to crosstalk is then

nx ðtnÞ ¼
XN
k¼1

ffiffiffiffiffi
"k

p
cn�ke�i 
ðtnÞ�
ðtn��k Þ½ �e�i�k : (A9)

Taking the ensemble average of (A9) yields

�x �E nx ðtnÞf g

¼
XN
k¼1

ffiffiffiffiffi
"k

p
Efcn�kgE e�i 
ðtnÞ�
ðtn��k Þ½ �

n o
Efe�i�k g: (A10)

The mean is zero because the constellation is symmetric in the complex plane and centered
around the origin; therefore, Efcn�kg ¼ 0. The variance of the crosstalk noise is

�2
x � E nx ðtnÞj j2

n o
¼

XN
k¼1

"kE jcn�k j2
n o

¼ E jcnj2
n oXN

k¼1

"k : (A11)
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The launched average power of the signal is the variance of the signal in the absence of
crosstalk

P ¼ �2
s ¼ E jcnj2

n o
: (A12)

By substituting (A11), (A12) into (A5), we obtain

MPI ¼ �2
x

P
¼

XN
k¼1

"k (A13)

which agrees with the original definition of MPI given in Section 2.

From (A4) and (A13), we conclude that the e� coefficient in (27) is, for a matched filter receiver

ðBeq ¼ RsÞ, in the case of Ns spans, when mode stripping occurs between spans, e� ¼
N s�
MPI=Rs, indeed.
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